Abstract. In the present work we investigate the approximation of the functions by Zygmund means in the Orlicz spaces L M (T) in the terms of the best approximation E n ( f ) M and modulus of smoothness ω k (·, f ) M .
Introduction and Main Results

Let
Let T denote the interval [−π, π], C the complex plane, and L p (T) , 1 p ∞, the Lebesgue space of measurable complex-valued functions on T.
For a given Young function M , let L M (T) denote the set of all Lebesgue measurable functions f : T → C for which
Let N be the complementary Young function of M . It is well-known [21, p. 69] , [34, pp. 52-68] that the linear span of L M (T) equipped with the Orlicz norm becomes a Banach space. This space is denoted by L M (T) and is called an Orlicz space [21, p. 26] . The Orlicz spaces are known as the generalizations of the Lebesgue spaces L p (T), 1 < p < ∞. The Luxemburg and Orlicz norms are equivalent since [21, 
where
The Orlicz space L M (T) is reflexive if and only if the N− function M and its complementary function N both satisfy the Δ 2 − condition [34, p. 113] .
Note that the detailed information about properties of the Orlicz spaces can be found in [6] , [7] , [21] , [27] , [28] and [29] .
Let L M (T) be an Orlicz space. Suppose that x, h are real, and let us take into account the sum
The function
It can easily be shown that ω k ( f , δ ) M is a continuous, non-negative and nondecreasing function satisfying the conditions
be the Fourier series of the function f ∈ L 1 (T), where
The n − th partial sums, Zygmund means of order k ( k ∈ N) of the series (1) are defined, respectively as [10] , [40] 
It is clear that
by trigonometric polynomials of degree not exceeding n, i.e.,
where Π n denotes the class of trigonometric polynomials of degree at most n.
The approximation problems by trigonometric polynomials in nonweighted and weighted Orlicz spaces have been investigated by several authors (see, for example, [1] - [4] , [9] , [10] , [13] , [15] -18], [23] , [31] , [32] , [35] , [42] ). The approximation of the functions by the means of Fourier trigonometric series in different spaces were studied in [5] , [11] , [12] , [19] , [24] - [26] , [36] - [41] and [43] . In the present paper, we investigate the deviation of functions from their Zygmund means in the terms of the best approximation E n ( f ) M and modulus of smoothness ω k ( f , ·) M of these functions in the Orlicz spaces L M (T). Note that in the proof of the main results we use the methot in the [40] and [11] .
Our main results are the following.
THEOREM 1. Let L M (T) be a reflexive Orlicz space and k
holds.
THEOREM 2. Let L M (T) be a reflexive Orlicz space and k
Note that Theorems 1 and 2 in the Lebesgue spaces L p (T), p 1 were obtained in [40] and [11] respectively.
Proofs of the Results
Proof of Theorem 1. We consider the trigonometric polynomial
(α ν cos νx + β ν sin νx).
The following inequality holds:
Let f ∈ L M (T) and let T n ∈ Π n (n = 0, 1, 2, ...) be the polynomial of best approximation to f , i. e.
Then using (4) we obtain
Note that according to [20] K n c 3 . Then the inequality (5) we write the following form:
We suppose that k is even and the number m ∈ N satisfies condition 2 m n < 2 m+1 . Then we have
}.
Since T n is the polynomial best approximation we obtain
Using (8) and Bernstein inequality for trigonometric polynomial in the Orlicz spaces [22] , [14] we have
Consideration of (7)and (9) gives us
The inequality
holds. Really,
Since E m ( f ) M is monotonically decreasing, we conclude that
Now, as done in [14] , we use the inequality (11) in (10) to obtain
Consequently, if k is even the inequality (2) is proved. Now let k 3 be a odd. Then
. (12) According [18] we have
Note that by [23] and [3] the inequality
holds. Using properties of sequence {E n ( f ) M } and (14) we find that
Use of (15), (13) and (6) gives us inequality (2). Theorem 1 is proved.
Proof of Theorem 2. Let f ∈ L M (T).
Then the following inequality holds:
It is well known from [33] , [14] that
By [32] and [2] we have
Then by (17) and (18) we get
We note that if k is even
where g(x) is the function that is trigonometricaly conjugate to g(x).Then
, k − even
If k is even, by inequalities (2.11), (3.1) of [4] and (20) we have
Considering [33] , [14] we have
If k is odd, consideration of (20), (22) and (21) gives us
Taking into account the realizations (6), (19) , (21) and (23) we obtain the inequality (3). Theorem 2 is completely proved.
